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Supplementary Exercise 5

1. (a) Let A be a subset of R. State the definition of a cluster point of A.
(b) Let A be a subset of R, ¢ be a cluster point of A, and f: A — R be a function.
State the definition of alcl_>mc f(x) = L, where L is a real number.
(Remark: The definition is usually called § - € definition.)
(¢) Let f: R — R be a function defined by f(z) = 3z + 2.
By using the definition stated in (b), show that 1131_>ml f(z) =5.
Ans:

(a) cis said to be a cluster point of A if
for all 6 > 0, there exists x € A\{c} such that | — ¢| < 4.
Symbolic: (V6 > 0)(Fz € A\{c})(|Jz — ¢| < 9)
(b) lim (o) = L if
for all € > 0, there exists § > 0 such that if x € A with 0 < |x — ¢| < 0, then |f(z) — L| <.
Symbolic: (Ve > 0)(35 > 0)(Vz € A and 0 < |z —¢| < §)(|f(x) — L| < ¢)
(c¢) Let e > 0. Take(5:§>0.
Then, for all 0 < |z — 1| < §, we have

le—1] < ¢
€
—1 < —
po1l <
3z —3] < e
Bz 4+2)—5] < e
[f(z) =5] < e
Therefore, lim f(z) = 5.
r—1
2. Using the § - € definition, show that
S S )
(a‘) il—>nlc$ =C7
2 _
(b) lim " -5z+6
z—2 r—2
Ans:
€
Let 0. Take § = min{l, ———}.
(a) Let € > ake min{ V33l +1}
Then, for all 0 < |z — ¢| < §, we have
lzt—c < 1

—lef—-1 < ¢e—=1 < z < c+1 <|e+1

] < |e|+1



Also,
|2 + zc+ | < |z* + |zl|e| + [ef* < (le] +1)* + (e| + De| + [e]* = 3|ef* + 3]c| + 1
Then,

|t —c||z® +zc+ 2 < - (3|¢|* + 3|c| + 1)

€
3lc]?2 4+ 3|c[ +1
|28 — 3 < e

[fl@)—c?| < e

Therefore, lim f(z) = 3.
r—c

(b) Let € > 0. Take § =e.
Then, for all 0 < |z — 2| < §, we have

|z — 2 €

|(z = 3) = (=1)] €
(m_;’)_(z_”f(q) < e (0<|e—2=z-2#0)

[f(@) = (=] < e

Therefore, lim f(z) = —1.
T—2
3. Let A be a subset of R, ¢ be a cluster point of A, and f,g : A — R be functions such that
lim f(x) = L and lim g(z) = M.
r—rc r—c
Show that

(a) lim f(z)+ g(x) = L+ M;

Tr—c

(b) if g(z) # 0 for all x € A and M # 0, then il_}mcggg = %

Ans:

(a) Let e > 0.
Since liin f(x) = L, there exists d; > 0 such that for all z € A with 0 < |z — ¢| < 1, we have

€
F@) Ll < &
and liLn g(x) = M, there exists 65 > 0 such that for all z € A with 0 < |z — ¢| < d2, we have

€
lg(a) — M| < &,

Take 6 = min{dy,d2} > 0, then for all x € A with 0 < |z — ¢| < §, we have

((f(2) +9(z)) = (L+M)| < |f(z) - L|+|g(z) - M|
< 5+5

- €

Therefore, liin f(z)+g(x) =L+ M.



M
(b) Since lim g(x) = M, consider ¢y = %, there exists d; > 0 such that for all x € A with

r—cC

M
0 < |z — ¢| < 61, we have |g(a;)—M\<eo:%andthen
M M
M—%<g(x)<M+%.

M M
If M >0, then |[M| =M and 0 < 5 < g(zx), so 5 < lg(z)].

M M M
If M <0, then |M|=—-M and g(z) < M + 1M = —u, so — < |g(z)|.
2 2 2
M 1 2
Therefore, for all © € A with 0 < |z — ¢| < §1, we have — < |g(x)| and so < .
2 lg(=)] — [M]
Let € > 0.
Since liin f(x) = L, there exists d2 > 0 such that for all x € A with 0 < |x — ¢| < d2, we have
r—cC
Mle
£y - oy < 2
and lim g(x) = M, there exists d2 > 0 such that for all x € A with 0 < |z — ¢| < J3, we have
Tr—cC
| M]%e
- M .

Take § = min{dy, da,d3} > 0, then for all x € A with 0 < |z — ¢| < J, we have

flz) L] _ f(m)Mg(x)L‘
glz) M g(x)M
| f@)M — LM + LM — g(a:)L’
a g9(zx)M
_ | (&) =DM — (g(x) — M)L‘
g(z)M
_ @ -1l o)~ MIIL]
- lg(z)] lg(x)||M]

Mle 2 |M]P?e 2 |

4 ML) M| M

Therefore, lim M = £
v=e g(x) M

4. Suppose that ¢ is a cluster point of A and f,g: A — R are two functions such that lim f(z) =0

r—c
and g is bounded on a neighborhood of c.

Show that lim f(x)g(z) = 0.
T—cC
Ans:

Since g is bounded on a neighborhood of ¢, there exist 6; > 0 and M > 0 such that |g(z)| < M for
all z € A with 0 < |z — ¢| < 6.

Let € > 0.

Since lim f(xz) = 0, there exists d > 0 such that for all x € A with 0 < |z — ¢| < Ja, we have
T—C

(@)= 0] < = e [f(@)] < <=



Take 6 = min{dy,d2} > 0, then for all x € A with 0 < |z — ¢| < §, we have

|f(x)g(z) — 0|

|f(@)]|g(z)|
< ﬁ-M

€

Therefore, ing f(z)g(x) = 0.

. Let A be a subset of R, ¢ be a cluster point of A, and f : A — R be a function such that a < f(z) <b
for all x € A\{c} and alﬁlﬁmc f(z) = L exists.

Show that a < L <b.

Ans:

Let € > 0.

Since liin f(z) = L exists, there exists 6 > 0 such that for all x € A with 0 < |z — ¢| < §, we have
|f(z) — L| < € and so
a—e< f(x)—e<L< f(zx)+e<b+e

Wehavea —e< L<b+eforalle>0andsoa<L <h.

. Let ce R and let f:R\{c} — R.

The right hand limit of f at ¢ is L € R (denoted by lim+ f(z) = L) if for all € > 0, there exists
T—C
0 > 0 such that for all ¢ — § < z < ¢, we have |f(z) — L| <e.

The left hand limit (denoted by lim f(x) = L) can be defined in a similar way.
T—Cc™
Show that lim f(x) = L if and only if lim f(z) = lim f(z)= L.
T—c z—ct T—cT
Ans:
(=) Suppose that lim f(z) = L.
Tr—cC

Let € > 0, there exist § > 0, such that forall 0 < [z —¢| < d (ie. c—d <z <corc<z <c+9),
we have |f(z) — L| < e.

In particular, when ¢ < x < ¢+, we have |f(z) — L| < ¢ and so lim, f(z) =L; whenc—0 <z < ¢,
T—>C
we also have |f(x) — L] < e and so lim f(z) = L.

Tr—Cc™

(<) Suppose that lim f(z) = lim f(z)=L.
z—c

Tr—Cc™
Let € > 0.
Since lim+ f(x) = L, there exist §; > 0, such that for all ¢ < x < ¢+ d1, we have |f(z) — L| <.
Tr—cC
Since lim f(x) = L, there exist do > 0, such that for all ¢ — d; < & < ¢, we have |f(z) — L| < e.
T—rCc—

Take 6 = min{dy,d2} > 0.

Then for all ¢ < z < ¢+ J, we have ¢ <z < ¢+ 01, and so |f(x) — L| < e forall c—§ <z < ¢, we
have ¢ — 63 <z < ¢, and so |f(x) — L| < e.

That is, for all 0 < |z — ¢| < 8, we have |f(z) — L| < ¢, so 1i£>n f(x)=L.



